Introduction. Let X be a smooth algebraic variety and D be a divisor with normal crossing on X. The pair (X, D) gives rise to a natural sheaf fx(log D) of differential 1-forms on X with logarithmic poles on D. For each point x X the space of sections of this sheaf in a small neighborhood of x is generated over (gx,
v,m-3, i.e., a variety projectively isomorphic to the image of P under the map given by the linear system of all hypersurfaces of degree rn-3. In the case when the hyperplanes osculate a rational normal curve in P", the bundle ,(log D) coincides with the secant bundle E of Schwarzenberger . The corresponding Veronese variety consists in this case of chordal (n 1)-dimensional subspaces to a rational normal curve in pm-Z.
The main result of this paper (Theorem 7.2) asserts that in the case m > 2n + 3 the arrangement of rn hyperplanes {H1, Hm} can be uniquely reconstructed from the bundle E(Ct) f,,(log )H) unless all of its hyperplanes osculate the same rational normal curve of degree n. To prove this we study the variety C(t) of jumping lines for E('). The consideration of this variety is traditional in the theory of vector bundles on pn (see [Bar, Hu-l) . In our case this variety is of some geometric interest. For example, if n 2, i.e., we deal with rn lines in p2, then (in the case of odd m) C(g) is a curve in the dual p2 containing the points corresponding to lines from .T he whole construction therefore gives a canonical way to draw an algebraic curve through a collection of points in (the dual) p2.
For 5 points pl P5 in p2 this construction gives the unique conic through p. [Hu-I. The study of this curve will be carried out in the subsequent paper [DK] . [Schur] , [R] (see also [B] We would like to thank L. Ein and H. Terao for useful discussions and correspondence related to this work.
1. Arrangements of hyperplanes.
1.1. Let V be a complex vector space of dimension n + 1 and P" P(V) be the projective space of lines in V. Let (H, H,) be a set (arrangement) of hyperplanes in P". Dually it defines a set (a configuration) of m points in the dual vector space a6" P(V*). We say that is in (linearly) general position if the intersection of any k < n + 1 hyperplanes from X is of codimension exactly k.
Throughout this paper we shall mostly deal with arrangements in general position. (1.1) Assume that m > n + 2 so that Ie -: 0. After making a natural identification between the space C and its dual space (cm)* (defined by the bilinear form xyi), we obtain from the map (1.1) m linear forms on the space le, i.e., an arrangement ofhyperplanes in P(Ir). We denote the arrangement thus obtained by tas and refer to it as the associated arrangement. It is clear that is in general position if and only if the restriction of the map e to any coordinate subspace C k in C" with k < n + is of maximal rank. This implies that oC, is in general position if and only if f is. In the latter case, the dimension of P(Ie) is equal to m n 2. From now on whenever we speak about the association we assume that the arrangements are in general position. Note that to define the map e we need a choice of order on the set of hyperplanes from 9ft. Making this choice we automatically make a choice of order on the set The notion of association was introduced by A. Coble [C1] . For modern treatment see [DO] . This notion was rediscovered, under the names "duality" or "orthogonality" several times later, notably in the context of combinatorial geometries (see [CR] , 11) and hypergeometric functions (see [GG] ).
Obviously the association is a self-dual operation, so (ocda) , where we make the canonical identification between the spaces V and V**. In this situation one can define the sheaf t2,(log f) of differential 1-forms with logarithmic poles along vf (see [De] ). It is a subsheaf of the sheaf j,fb where U P" f and j: U P" is the embedding. If x e P" and x... tk 0 is a local equation of the divisor f near x, as above, then the section of fl,(log f) near x are meromorphic differential forms which can be expressed as co + ud log t where co is a 1-form and u are functions, all regular near x. It is not difficult to see that the sheaf t2,,(log f) is locally free of rank n (see [De] ).
We shall denote the sheaf f,(log f) by E() and call it the looarithmic bundle associated to '. It will be the main object of study in this paper. We will not make a distinction between vector bundles and locally free coherent sheaves of their sections. Passing to the dual exact sequence and using the adjunction formula we find the exact sequence 0 E(,<,)* --, E(rt'<,_)* e,, (gn(1) (a) the dimension of Cg(x) equals n for all x e P"; (b) the correspondence x Cg(x) is a regular embedding : P" G(n, W*);
(c) the image Cg(P") in G(n, W*) becomes, after the Plficker embedding G(m n 1, W) P(" W*), a Veronese variety.
In particular, E() is the inverse image of the bundle * on G(n, W*) where is the tautological subbundle over G(n, W*).
2.13. COROLLARY. Assume that m n + 2. Then E() Te,(-l) where Te. is the tangent bundle of P".
Proof. Since dim(W)= n + l, the map Cg defines an isomorphism P"= P(V) G(n, W*) G(1, W) P(W). In this case the tautological subbundle on G(n, W*) is isomorphic to (1) . Hence E() The bundles of this type were considered earlier by several people (see I-El [BS] ).
The name "Steiner bundles" will be explained later in this section.
Note that applying the exact sequence of cohomology, we immediately obtain 
converging to E in degree 0 and to 0 in degrees :/: O. The proposition follows easily from considering the Beilinson spectral sequence (see [E] , Proposition 2.2). In this section we describe some constructions of projective geometry which will be used in the study of logarithmic bundles, more precisely, in the description of jumping lines for such bundles. Let ! (Pl, P,) be an ordered r-tuple of points in P"-I and q (q, qr) be an ordered r-tuple of points in P. We say that ! and q are d-codependent if there is a hypersurface Y c P"-x p1 ofbi-degree (1, d) The proof of this theorem will be organized as follows. Our first step will be to analyze the equation of C(pl,..., P,a+I) and find its degree. The second step will be to prove part (b) of the theorem, again by using the equation. These two steps will be done in 4.12 and 4.13 respectively. (b) Let d 3. Then C(pl,..., PT) is a curve of degree 6 and genus 3 with double points at p. By definition, it is the locus of all possible singular points of cubics through Pl, P7. This curve has the following (classical, see [DO] ) description. Let S -p2 be the blow-up of p2 in Pl, PT. This is a Del Pezzo surface. Its anticanonical linear system has dimension 2 and defines a double cover S-/52 (this /2 is different from the first one) ramified along a plane quartic curve C' c/52. We claim that C' is birationally isomorphic to C(p,..., pT). Indeed, the anticanonical linear system of p2 consists of cubic curves. The curves of the anticanonical linear system of the blown-up surface S can be viewed, after projection S-p2, as plane cubics through P l, PT G(2, 4) ) is isomorphic to a P-bundle over a Del Pezzo surface of degree 2. This latter surface is obtained by blowing up the seven points of p2 corresponding to pl,..., P7 6 p3 by association (see 1.2 above). We refer to [Mo] for more details about the geometry of this complex. 4.17. Examples in P". We consider only the case d 2, i.e., of 2n + 1 points in pn. This case gives a complex of codimension-2 fiats which can be called the generalized Montesano complex. We consider all quadrics in Pn through p,..., P2n+l and pick those among them which contain a p-2, i.e., quadrics of rank < 4. The collection of all (n-2)-flats on all the quadrics of rank < 4 through p gives a hypersurface in the Grassmannian G(n 1, n + 1) whose degree equals n. This is our complex.
Note the case when all Pi lie on a rational normal curve C in P of degree n. In this case the generalized Montesano complex will be the locus of all (n 2)-flats intersecting the curve C. Its equation will be the Chow form of C, i.e., the resultant of two indeterminate polynomials of degree n. This is a consequence of the following easy fact. 4.18. LEMMA. Let C P" be a rational normal curve and Z a codimension-2 flat in P". Then the two conditions are equivalent: (i) =,, (ii) : Let Q be a quadric containing C w Z. Then C and Z are subvarieties in Q of complementary dimensions. In the case n > 3 (as well as in the case when n 3 and Q is singular) this alone implies that the intersection is nonempty. If n 3 and Q is smooth the nonemptiness follows from the fact that C regarded as a curve on Q P1 x P has bidegree (1, 2) or (2, 1) . The case n 2 is trivial.
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DOLGACHEV AND KAPRANOV 5. Monoidal complexes and splitting of logarithmic bundles. 5.1. One of the main tools for the study of vector bundles on P" is the restriction of bundles to projective subspaces to P", especially to lines. By Grothendieck's theorem any vector bundle on p1 splits into a direct sum ofline bundles ) (_9p1 (ai).
In this section we use this approach for logarithmic bundles E(f) Proof. This follows from Proposition 4.14.
Applying Corollary 4.8, we can give an equivalent, more geometric description of the property of a line to be jumping. 5.5. COROLLARY. Suppose m nd + 1. Let P" be a line intersectin9 the Hi in distinct points. Then is a jumpin9 line for t if and only if there is a regular map " -H,n+I of degree < d such that (l c Hi) H,a+l c Hi for 1,..., nd. This reformulation is asymmetric: one of the hyperplanes, namely H,n+I, acts as a "screen". Of course, any other Hi can be chosen for this role.
5.6. Let E be a vector bundle on P". We say that E is projectively trivial if E (_9,.(a) b for some a Z, b Z/. In this case the projective bundle P(E) is trivial ARRANGEMENTS OF HYPERPLANES AND VECTOR BUNDLES ON P" 653 and, moreover, canonically trivialized. To get the trivialization we note that P(E) P (E(-a) In this secion we shall show that our logarithmic bundles generalize the construction of Schwarzenberger of vector bundles of rank n on P.
6.1. Note that the following choices are equivalent: (i) an isomorphism P - [(gpl(n) [ ofPn with the n-fold symmetric product ofP;
(ii) a dual isomorphism/ l(gp(n)[*; (iii) a map v: P1 --,/ [d0p(n)l* given by a complete linear system; (iv) a rational normal curve of degree n (Veronese curve, for short) ( in/, the image of the map in (iii);
(v) a map : p1 _ p [(gpl(n)l given by a complete linear system; (vi) a Veronese curve C in P, the image of this map.
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Fix any of them. Then every point x P" is identified with a positive divisor Dx of degree n on p1. Choose some m > n + 2. Let V(x) be the subspace of sections s H(P , (.9(m 2)) whose divisor ofzeros div(s) satisfies the condition div(s) > Dx. Denote by V(x) c H(P , (9(m-2))* the orthogonal subspace. Its dimension is equal to n. In this way we obtain a map P" --. G(n, H(P , (.9(m 2))*) G(n, m 1), x V(x) (6.1) Let S be the tautological bundle on G(n, m 1) whose fiber over a point represented by an n-dimensional linear subspace is this subspace. The pull-back, with respect to (6.1), of S is a rank-n vector bundle on P. It is defined by any of the above six choices, in particular, by a choice of the Veronese curve C c P. We denote the dual bundle by E(C, m) and call it the Schwarzenberoer bundle of degree m associated to C. One can easily show that E(C, m) is generated by its space of global sections which is canonically isomorphic to H(P , (9(m 2)) C"-1.
6.2. The bundle E(C, m) is in fact a Steiner bundle. This fact is well known (see e,g., [BS] , Example 2.2). Let us give a precise statement. Proof. This follows from formula (6.2) and the fact that for two sections f H(P , (.9(a)), 9 n(Pt, (.9(b) Let us identify the space S'-2A H(P , (9(m-2)) with the space H(P , f(p + + p)) of forms with simple poles at (p, p,) . After that the map fl is defined by the formula fl(co) (respl(co), res,,,(co)), co n(P , fl(p + + Pm))" (6.4) By the residue theorem the sum of components of fl(co) equals 0, i.e., fl(co)e I4. Now, if we fix a point q different from the p's, then we can identify the space H(P , (_9(n)) S"A with the space of rational functions on P1 with poles of order < n at q. Let us denote this latter space by L(nq). Let us also regard the space sm-n-2A as the space H(P , fX(p + + p. nq)) of forms with at most simple poles at p and with a zero of order < n at q. This is a subspace of H(P , (Px + + Pm), and we define to be the restriction of fl to this subspace. Let us see that this is correct, i.e., the image of indeed lies in the space Ie. By definition (see 1.4) , le c C consists of (21, 2m) such that 2f(v) 0 for every v V. In our case 2 resp,(co), where co e H(P , f(p + + p, nq)). Since we have identified V S"A L(nq), we have, for any v s V, ', 2,fi(v) 2(u', v) Z resp,(co). (u', v) Proof. We shall show that C can be recovered intrinsically from E(C, m). Since E(C, m) is a Steiner bundle, its defining tensor t: lz (R) I W is determined by E(C, m) itself (see Proposition 3.2) . We know that there are isomorphisms I/ SnA, I -Sm-n-2A, W Sm-2A, with dim A 2 which take the tensor into the multiplication tensor (6.3). We shall see that as soon as such isomorphisms exist, the Veronese curves in P(V), P(1), P(W) consisting of perfect powers of elements of A are defined by alone. Indeed, gives a morphism T: P(V) x P(1) P(W). The Veronese curve R in P(W) is recovered as the locus of w P(W) such that T-l(w) consists of just one point, say (v, i) . The loci of v (resp. i) corresponding to various w e R constitute the Veronese curves ofperfect powers in P(V) and P(I) respectively. Proposition 6.6 is proven.
6.7. Consider as an example the case when m n + 3. It is well known that any n + 3 points in general position in P" lie on a unique Veronese curve (see [GH] , p. 530). So Corollary 6.5 and Proposition 6.6 lead to the following conclusion.
For two arrangements and t ' of n + 3 hyperplanes in general position in P", the logarithmic bundles E(Ct) and E(Ct') (m, n) M(n, (1 ht)n+l-), (7.1) ARRANGEMENTS OF HYPERPLANES AND VECTOR BUNDLES ON P" 659 where M(n, (1 ht)"+1-=) is the moduli space of stable rank-n bundles on P" with Chern polynomial (1 ht)"+1-. We are interested in the question of whether this map is an embedding. The statements that some moduli space is embedded into another are traditionally called "Torelli theorems" after the classical Torelli theorem about the embedding of the moduli space of curves into the moduli space of Abelian varieties. The following theorem, which is the main result of this section, shows that q is very close to an embedding, at least for large m.
7.2. THEOREM. Let m > 2n + 3 and let Yf, f' be two arrangements of m hyperplanes in P" in 9eneral position. Suppose that the correspondin9 logarithmic bundles E(y,f) and E(Yf') are isomorphic. Then one of the two possibilities holds: (1) acg (possibly after reorderin9 the hyperplanes).
(2) There exists a Veronese curve C c P" such that all hyperplanes from , and at' osculate this curve. In this case E(Jeg) and E(/g') are isomorphic to the Schwarzenberoer bundle E(C, m). 7.3. To prove Theorem 7.2 we have to recover (as far as possible) the configuration from the bundle E(Jcg). The key idea is that the lines lying in each
